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Perturbative renormalization factors of quark bilinear operators for domain-wall QCD
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We calculate one-loop renormalization factors of bilinear operators made of physical quark fields for
domain-wall QCD. We find that finite parts of such renormalization factors have reasonable values at 1-loop
except an overlap factor between the physical quark field and the zero mode in the theory. We point out that
the 1-loop estimate of overall renormalization factors becomes unreliable at the coupling where numerical
simulations are currently performed, due to the presence of this overlap factor. We show that this problem
disappears if the mean-field improved perturbation theory is employed for renormalization factors.
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[. INTRODUCTION trapolation like a linear or quadratic in the lattice spacing.
Therefore the corrections by the renormalization factors to
The lack of chirally invariant fermion formulations is one such matrix elements must be included for precise measure-
of the most uncomfortable points theoretically and practi-ments in numerical simulations with domain-wall QCD.
cally in lattice QCD. For example, in the Wilson fermion ~ We start from the Green's function with quark bilinear
formulation, which is popularly used in numerical simula- OPerators and physical quark fields. We show that the diver-
tions, the chiral limit can be realized only by fine-tuning the 98nce in the Green’s function can be renormalized into the

bare mass parameter, which compensates the additive qua#iark propagator and bilinear operators. There appears no
tum correction to the quark mass mixing between these operators and operators made of heavy

Recently the domain-wall fermion formulatiofd,2], unphysical fermions. The renormalization factor consists of

which was originally proposed for lattice chiral gauge theo-two parts, one is the usual renormalization factor which has a

. : ) . ) similar value as that of the Wilson fermion, another is the
ries[3], has bee_n employed in lattice QCD simulatigg factor of overlap between the field on each two boundary

. : . S Cl9yvalls and the zero mode. We notice that this overlap factor is
seems no need pf_fme-tunmg to realize the chiral limit _Wh"erenormalized additively and tends to be large. We present
there is no restriction to the number of flavors. In particular,enormalization factors with mean-field improvement to sup-
massless mode which is present at the tree level seems stala,%ss this large correction.
against quantum corrections. Since this property is not a This paper is organized as follows. In Sec. Il we introduce
trivial one, two of us have performed the perturbative calcuthe action of domain-wall QCD together with some notations
lation for the domain-wall quark propagator and have shownused in this paper and explicitly give the Feynman rules
that the massless mode is indeed stable against the 1-lo@glevant to our calculations. In Sec. Il we evaluate the self-
correction[5]. The wave function renormalization factor for energy of the physical fermion, from which we extract the
the massless mode has also been evaluated there. wave function renormalization factor of the physical fermion
In this paper we extend our previous perturbative calcuand the multiplicative mass renormalization factor. Although
lation to an evaluation of renormalization factors for quarkresults for both wave functiofs] and mas$6] renormaliza-
bilinear operators at 1-loop in domain-wall QCD. Thesetion factors have already been reported, we give them here in
renormalization factors are needed to convert matrix eleorder to demonstrate our method of calculating renormaliza-

ments such as meson decay constants measured in lattig@n factors in domain-wall QCD. In particular we pay atten-

(MS) scheme, so that the values predicted on the lattice c hllc?h %rlshes as the gve:IAEI\p tr)]etweeln tlhe prr]lysmal ferrr|1_|on
be compared with the corresponding experimental values. | eld and the zero mo €. vve then ca cu_ate the renorma’iiza-
particular, in order to discuss the scaling behavior of suc lon factors for quark b|||near operators |n.Sec. V. Ngmen—
matrix elements, the correction by the renormalization fac-c‘."lI re;ults of one-loop coef_flc:lents. for various quantities are
tors becomes important, since 1-loop corrections are in genq'.ven in Sec. V as a funpﬂon d¥ in both cases with .and'
eral non-negligible at the gauge coupling used in simula./ithout the mean-field improvement. Our conclusion is
tions. Moreover since 1-loop corrections decrease only as thgven Iin Sec. V1. . .

inverse of the logarithm of the lattice spacing, not a power of In this paper we set the lattice spaciag-1 and take

it, they cannot be removed through the usual continuum ex-S U(Nc) gauge group with the gauge coupliggind the sec-

ond CasimirCg=(N2—1)/2N,.

) . . ) Il. ACTION AND FEYNMAN RULES
*On leave from Institute of Particle and Nuclear Studies, High

Energy Accelerator Research OrganizatitBEK), Tsukuba, Ibaraki The domain-wall fermion is a (# 1)-dimensional Wilson
305-0801, Japan. fermion with a “mass term” which depends on the coordi-
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nate in the extra dimension. For the explicit form of the
“mass term” we adopt the Shamir’s forfd] in this paper S k P p(p)
and the quark action with the current quark masisecomes

N Ve

1 oy lu ap) 12 (]
SDWZEHZ S; 5 Eﬂl ((n)s(—r+ vy )U (N N+ p)s AL Tl

+g(M)o(—1 =y, )UL(N— ) (n—p)y
T — P _p(p)

1 —
+ 5 @(N)s(1+ ¥5) P(N)si 1+ #(N)s(1= ¥5)

P(N)s_ )+ (M—1+4r)p(n)gih(n)s

As(l) Al(ly)

+ mE (J(n)NP+l//(n)l+J(n)lP7¢(n)N), (2.2 FIG. 1. Momentum assignment of the fermion-gluon vertices.
n

wheren is a 4 dimensional space-time coordinate arglan q(n) =P i(n);+P_ih(n)y,
extra fifth dimensional index, the Dirac “masdV is a pa- — — —
rameter of the theory which we sesM <2 to realize the q(n)=¢(n)yP4 +(n) P (2.9

massless fermion at tree leveh is a physical quark mass, . )
and the Wilson parameter is set te=— 1. Our y matrix We use the QCD operators constructed from this quark field,

convention is as follows: since this field has been actually used in the previous simu-
lations. Moreover, as seen later, we find that the renormal-
0 —ig 0 1 ization becomes simpler for the operators in terms of the
y,=(. i ) y4=( ) physical quark field.
lo 0 10 Weak-coupling perturbation theory is developed by writ-
1 o ing
V5= 717’27’374:(0 _1>= 2.2 1.
Uﬂ(n)=ex;{|gaAﬂ n+§ ) (2.7
1+ yg
P.= 2 2.3 Since our gauge part is the same as that of the usual Wilson
plaguette action, the gluon propagator can be written as
1
T,,,== VYol 2.4 i i
w5 Vus 7] 2.4 6 (p)= — 5 V_(l_a)4smpﬂ./23|np,,/2 -
’” 4sirtpi2| 4 sirf p/2
The gauge part of the domain-wall fermion is a standard 4 (2.9

dimensional one plaquette action and we have no gauge in-
teraction along the fifth dimension. We can interpret this fifthwhere Sik p/2= 2, sir? p,/2 and we setx=1 in our calcu-
dimensional degree of freedom as a flayl It is important  lation. Quark- gluon vertices are also identical to those in the
to notice that we have boundaries for the flavor space; N flavor Wilson fermion. We employ the following two of
<s<N. those relevant for the one loop calculation:

The remarkable property of the domain-wall fermion is
that there exists a massless fermion mode inNkec limit _ a
at small momentum am=0. This massless fermion stays Viu(kp)s=—igT ‘7” COS (—kutPp)
near the boundaries of the flavor space with the left and the
right mode on the opposite side. At tree level the massless

a
o L I —irsing(—k,+
mode y, is given explicitly in zero momentum limit as 2( w TP

Ost» (2.9

— 2 s—1 N-s
Xo=V1-wWu(P,wyg "¢+ P_wg “i), (2.5 le(k D)= 29 {Ta Tb}(l'yﬂ Slna( K +p’u)
wherewy=1— M. Although the zero mode is stable against
guantum correctio5], the damping factow, is modified a
because the Dirac mas4 is renormalized additively. In nu- T COSE(_kMJr Py
merical simulations it is more convenient to use the interpo-
lating “physical” quark field defined by the boundary fermi- Our momentum assignments for the vertices are given in
ons Fig. 1.

8,006 (210
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The fermion propagator is given by inverting the domain- A ) N
wall Dirac operator, whose formula in momentum space is Gr(s)=g[—(1-m )(1—We @) ~2N*s+y

—(1-m?)(1-We*)e «st
—2W sinh a)m(e*(~N*s=b
+ (W (p)+mM—)sP_, (2.11 +ex"N=stO) L pgmalst (2.17

D(P)si= 2, 17, SiNP, 8+ (W' (p)+mM*)g P,
M

where the mass matrix is A
Gi(st)= [~ (1-m*)(1-Wene~2Nrert"2)

—W(p) 1
. ~W(p) - —(1-m?)(1-We e ~s"1+2
W (p)s,t: 1 ! _ZWSinI,(a)m(ea(—N+S—t)
_W(p) a(—N—s+t) —als—t|
(2.12 +e )]+ Ae : (2.1
—W(p) 1+ W2+, Sifp,,
1 -W = - 2.1
W (o e "'(p) | cosha) 2IW] : (2.19
1 —W(p) L
(2.13 A= SWsinh(a)’ (2.20
F=1-e*W-m?(1-We 9). (2.21

ol el e

Note that the argumemtof factorsa andW is suppressed in
the above formula. The above notation of the propagator is
valid only for positiveW. It is applicable for all fermion
momentum regions if we set<OM <1. On the other hand,
when we set the parameter te<M <2, W becomes nega-

In numerical simulationsl should be finite and there appears tive for the small momentum region. In this case the follow-
a nonzero quark mass because of the chiral modes mixingd replacement should be done in E¢&17), (2.18), (2.20
This finiteN quark mass has a foret *N with some positive ~ and(2.21):
constanta, an estimate of which at tree level will be given

later in Eq.(2.19. If we takeN large enough the quark mass
decreases exponentially and can be neglected effectively
compared to the physical quark mass The numerical

simulation of massless QCD with domain-wall fermion is pjgage notice that sintif changes the sign according to Eq.
always given with largeN. Therefore in our 1-loop calcula- (2.23; the definition of coshf) remains the same for nega-
tion we will take N—co limit to avoid complications arising e W. For large momentum with positivé/ the replace-
from the finiteN. Although theN— o limit should be taken ,ant is not needed.

after the momentum integral in principle, itis easy to see that gagiges the fermion propagator given above, the propaga-
the limit can be taken before the integral. We may take thgq, tor the physical quark field, defined in E€.6), is also

form of free fermion propagator in thé—ce limit from the seq in this paper. The explicit form is rather simple and is

W(p)=1-M-r2, (1—cosp,). (2.15
o

et ——e Y, (2.23

beginning.(See[5] for the derivation of the finitd fermion iven by
propagatod. Inverting Eq.(2.11) the fermion propagator for
N—co becomes ; ; -
— —iy,sinp,+(1-We “)m
B Sq(P)=(a(=plalpy)=—""
Se(P)s=(P(p) Vet ~(1=e"W)+mi(1-We (2>24)
=(—ly,sinp,+W +mM7)g,
_ ) 1ll. RENORMALIZATION FOR QUARK MASS
XGr(U,t)P +(—iy,sinp, AND WAVE FUNCTION
+W +mM*) G (u,t)P_, (2.16 In this section we calculate the self energy for the physi-

cal quark field, from which we derive renormalization factors
where the sum over the same index is taken impliciBy;, for mass and wave function. The physical quark propagator
is given by (2.29 at tree level becomes

094505-3
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FIG. 2. One loop correction to the quark propagator.

(1-wp)

b (1-wim @9

Sq(p)=

in the continuum limit. In the following we will see that the
full quark propagator with 1-loop corrections takes the fol-
lowing form:

(1-w3)Z,Z,
ip+(1-w3)Z,Ztm’

Sq(P) = (3.2

whereZ, andZ,, are the quark wave function and the mass

renormalization factors, respectively. In RE§] Z, is calcu-
lated, whileZ,, is given in Ref[6]. Z,,, which is dropped in
Ref. [5], is a renormalization factor for the overall factor
(1-wp).

One loop corrections to the quark two point function
(q(—p)q(p)) are given by two diagrams in Fig. 2. In the

diagrams interaction vertices contain a fermion field of a

PHYSICAL REVIEW D 59 094505

P L ey
((=p.s)a(p)=¢(e P_
+e =Yp_)(iy,sinp,
1
-m(1-We )+ E(e‘“(s‘l)P,

+e “N"9p Ye [m(iy,sinp,

-m(1-We %)—F]. (3.9

In the one loop calculation we take external momenta and
quark masses much smaller than the lattice cutoff, so that we
can expand the propagator corresponding to external lines in
terms of external momenta and masses. In diagrams in Fig. 2
it is enough for the renormalization to expand the external

propagator to the next to leading order,

< ( )_( )) _WS ( (N*S)P
- S ——— 1| (W
a(—p)¥(p i¢+(1—wg)m ( N
w
WP ) — ——ip(wE VP,
—Wo
+wg' TP |, (3.5
<l//(—p,S)a(p)>_> (WE)Nis)P,-FWBS*l)PJr)
w
_(Wgs—l)P_JFWE)N—s)PJr) 0 ip
1-wjg
1-w?
° (3.6)

X
ip+(1—-w3)m

general flavor index, while a physical quark field appears or\ e that hoth terms at the leading and the next to leading
the external lines. Tree-level propagators for the extemalqers in the external propagator give the leading order con-

lines are given by

— 1
(a(=p)(p,9))= £ iy, sinp,—m(1-We )
X(e—a(N—S)P++e—a(S—l)P_)
1 »
+E[m(|y#smpﬁ—m(1—We )

_ F]e—a(e—a(s—l)P++e—a(N—S)P_),

(3.3

tribution in these diagrams since interaction vertices have the
form a+bp, due to the Wilson term.

The external propagator has the characteristic form in the
continuum limit that it consists of the quark propagator times
some dumping factor. One loop correction to the quark
propagator becomes

1-w3
ip+(1—w3)m

: 1-w3
ip+(1-wi)m’
(3.7
which is easily renormalized into the quark propagator. Here

24(p.,m) is given by multiplying the fermion self energy
2 (p,m)s; by the factors in the external propagator,

(a(—p)a(p))1= S4(p.m

094505-4



PERTURBATIVE RENORMALIZATION FACTORS @ . ..

(W IP, +wEVP)

2q(p,m)=

Wo
1-w}

ip(weE VP, +wN P )

(WP +wiTYP,)

W .
_3\,%”25].
(3.8

X Z(p, M)

—(WE)I’DP,+W8\H)P+)1

Calculating the quark self-energy(p,m).; to one-loop or-
der and making an expansion of the form

_ 9%(0) g 9%(0)s¢
E(DIm)st_E(O)St+ apM p,u+ am m
+0(p%,m2,pm), (3.9
we find
S(p,m)g=—g°Celip(1"P,+1"P_)+W; P,
+W;P_+m(M{P, +M[P_)]g,
(3.10

where |* and W; are already calculated in our previous

paper[5] for the massless fermion,

|+ =

T 1 ) )
Tp0%t T 5(Ci1-)siIn(ar) —1=1In\%)
T

Z (cosl ,(W~Gg

+f d4l 1
(2m)* 4 sirf1/2| 8
+W'G)(s,t) +sir?1 (G +GRr)(S,1))
. Sirel,

z 4(4sirt1/2)?

> coszli

v |
-2 co§?“) Gr(s1)

((WGR+W+GL)(S,t)

+2

+> sinZ%GR,L(s,t))]

dfl 1 2
_(C+/—)s,tf(2 )4027(77 %),  (3.1)

(Wi )=

PHYSICAL REVIEW D 59 094505

— 2T gy

+fd_4'_;z

m* 4sirfl/2°z COSZ

E(W"GLr)(st)

—sm2 (W Ggy)(s,1)
1
+§sm2I#(GL+GR)(S,t) . (3.12
HereT is the tadpole loop integral
= d¥
T= fﬁw (ZT)‘lm:O.:LS‘].g& (313)

Note that the notation used in this paper is slightly different
from that in Ref[5]. In particular the infrared divergence in
the loop integral is regularized by a gluon masgtroduced
in the gluon propagator in this paper, while the external fer-
mion momentum is kept non-zero in R¢&] to avoid such
an infrared divergence. The calculation becomes simpler in
the former.

It is also straightforward to calculate the one loop correc-
tion to mass ternM; ;

4
<MI’*)st:?(BH,)s,t(ln(wz)—lnAZ)

+j d4l 1
(2m)* 4 sirf 112

X2

M

IG R

T M*= GL,R) (st)

|
NANY S
c0522 (W

—S|n2—(W’+ Cr

- =M ’*GR,L)(s t)

96, IGg

+ —sir?|
s (am om

o

afl 1
_(B+/)S’t4f(27)4(|2)20(ﬂ-2_|2)’ (3.19

whereC,,_ andB,,_ are defined by

(Coe=(1— Wo)WS+t 2,

2Nst

(C_)s=(1—wg)w§ (3.19

)2 N—s+t—1

(B4)s=(1—wp)*w,

(B-)si=(1—wg)wg +*

(3.1
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Substituting these into E¢3.8) and neglecting higher or- _ 1-wl sinhag— sinha
der terms of©(p%,m?,pm) we obtain G, = . .
2W ssinha | 2w sinhag(coshay— cosha)
1 9°Ce
Sq(p,m)=— ip—| (—log\%a?-3, e*—W 1
q(p,m) —w |2516 5| (—log 1) _ € |, (3.24
e “—W (e*—wp)
2Wo 9°Ce
+ 1—w§23 - 6772(_4|09>\232_22)v 5 _ 1-w3 sinhagy—sinha
R 2Wsinha | 2w, sinhag(coshay— cosha)
(3.17
where 1
- (3.29
T (e*—wp)?
__ 2 _ _qd 2
2y=~logm 1t 2 ! )16# ' (3.13 with e~ “0=w,. It should be noted that there is no additive
mass correction in Eq3.17). Although the fermion self en-

3,=—4lognw®— o167, (319  ergy3(p,m), has an additive mass correction, it vanishes in

- 2 4 because of the relation,

33=(2T— w)1677, (3.20

(W P+ W P (W1 P+ Wy Po)g(wp P

(3.26

|d=f il LS sl (G +wy "P,)=0
(2m)* | 32sif12 % # R ° ’

~ ~ which has been shown in the previous pafEr*
+Gp)+2codl ,(Wy—W)Gg]

The full quark propagator at 1-loop level now becomes

Sire | ~ 2 2
+> ———F | (wo—W)Gg 1-wp 1-wp
i 2 =——|1+3(pMm—5—
& 2(4sirfl/2) Sq(P)tui B+ (1—wim alP )i|zs+(1—w§)m
+ EV: cosl /2—2 c0§IM/2)GL 1wl
=- . 5 +0(g%),
1 B+ (1-w)m—(1-wd)Zq(p,m)
+> (sinzly/z)GR}— Wa(wz—ﬂ)], (3.27
(3.27  and finally we obtain
- d4l 1 I (1-w?)Z,Z
wzf ——— > | co$L(wy S - 0/ Zws2 32
(2m)* 4sirt1/2 % 2 P ip+(1—w2)Z,Z'm (329
~ I - .
—W)Gr—sif—" (wo—W)Gr with
2
1 - o~ _ 9°Cr 2,2
+ 58I 1, (G +Gr)|, (3.22 Zo=1+ T (logh*a®+ 3y, 3.29
d*l 1 1 2w, g°Ce 9°Ce
(27)* 4sirf 112 (1—wge™ 9)? 1-w§ 167
(3.30
[, 1—-e “W
T ew g
M —e” —1_ F 2.2
Z. =1+ —3logh“a“—3,+3).
| » m 16772( g 2+21)
+r2siP—e 241 sir? |, (3.31
2 1—e'W
a1 e e o
_4f — ——9(72—1?). (3.23 At finite N we need a few extra terms for the renormalization
(2m)% (1%)2 such as an additive mass counterterm. However these terms always

contain the factoe™*N and can be suppressed in the laMjémit

The propagator§&, andGg are defined by before taking the continuum limit.

094505-6
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From this relation we can see thag is an additive renor-

malization tow,

2 2

9°Cr
1-W3)Zy=1—| wo+ —
( 0) W ( 0 167T2

23 (3.32

If we employ the mean-fieldtadpole improvement 8],
we can write

- (wg")Azu1zy*

S,(p)= ., (333
P - Pz iz
whereu=1—g?C¢T/2, Wi =wo—4(u—1),
9°Ce T
MF _ 242 _ 2
ZYF=1+ | logh?at+ 3, - 16775 ], (334
ZMF_q_ AW &(2 — 16722T)
v 1-w2 1672 °
- ng,: MF
=1+ o, (3.3
2C
(ZMF)‘1=1+H(—3Iog)xzaz—EerEl
1672
T
—167725). (3.36

Of course equalities thatuz,=Z5", (1-w3)Z,=(1
—(wyh)?)Zy" andZ,=uzy" hold up toO(g*) terms.

In the continuum we employ thIS scheme with naive
dimensional regularization. The one-loop self-energy in the
continuum has the same form as E§.17) with, however,

the replacements,

log(Aa)2—log(N/ )2, (3.37
3,-38=1/2, (3.38
S,3M5- 2 (3.39
wy—0. (3.40

Let us define the quark wave function renormalization
factor needed for converting the lattice field to the continuum

field in theMS scheme by

qM_S:(l_Wg)fllzzvalmmqlat. (3.4))
To one-loop order we finally find that
g2
Zy(pa)=1+ 1677ZCF[_|09(M3)2+22], (3.42

where

PHYSICAL REVIEW D 59 094505

FIG. 3. One loop correction to the quark bilinear operator.

22221'\/'5_211

(3.43

andZ,, is given in Eq.(3.30. The quark mass renormaliza-
tion factor defined by

MS( 1) = (1= W) ZyZny( wa)m (3.44
is given by
g2
Zm(pa)=1+ —— Ce[—3log(pa)*+z,] (3.49
167
with
Zy=(3F5-3,) — (35-3). (3.46

IV. RENORMALIZATION
FOR QUARK BILINEAR OPERATORS

We consider quark bilinear operators in the following
form:
Or()=d00Ta(), T'=1,5,%,,Y.¥5,0 -

4.1

We calculate the one loop correction to the Green'’s function

(Or(x)q(y)q(z)) for massless quark with external momenta
p=p’ =0, whose diagram is shown in Fig. 3. As in the pre-
vious section we notice that the external line is essentially
written in terms of the quark propagator times dumping fac-
tors, Egs.(3.5 and (3.6). Making use of this fact the one
loop full Green’s function for small external momentum be-
comes

(1-Wp)ZyZ,

_ (1-w?)Z2,Z
((Ara)aaqun= i T : 2

ip’
4.2
whereTr is given by
2
g°Ce [ hy(I') 2.2
Tr=1+ 1672 —Tlog)\ a+Vr 4.3
with a r dependent constant  hy(T")

=4(A),4(V),16(P),16(S),0(T). The finite renormalization
factor Vr is given by

094505-7
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h,(T
Vp= 2; )Iogﬂ-2+IF16a-rz, (4.4)
d* | Siré | A 1 1 h,(T° a4 1
Ipzf r2sirPs +r + L _ L )f 6(m>—12),
(2m)* 2 eT—W (e *-W)%|(e*—wp)?4sirtl/2 4 ) (2m)* (192
(4.9
where
( I
co§§sinzl, I'=s,P,
I
Ap= % cos’-?”sinzlw r=v,,A,, (4.6
1S oSl - scodasitl, T=T., (a#
gg > co ?SI ﬂ—gco ESI , =T. (a#P),
|

sif1=3,sir?|,, and co$l/2=% , cog| /2. The renormaliza- ZMS=VMS+1/2=0(A),0(V),5/A P),5/S), 1/AT),
tion factor of the quark bilinear operator is written as (4.13
Z8=(1-W3)Z,Z,Tr=(1-Wp) Z,Z", (4.7) FASAVANE, S (4.14)
it 9°Ck h,(T') Here it should be mentioned that,= —z5 and conse-
Zr'=1+ 1672 (1— 2 )'09?\232+Vr+21 : quently Z(na)=Zg(na) 1, sinceo,=1g(2,=—Vs). To

m 8 show this we use the relation

It is seen from Eq(4.6) thatZ,=Zy, andZp=Zg, which is

expected to hold if the chiral symmetry exists and is indeed

so in the continuum QCD.

In the continuum, the on-shell vertex function to one-loop

order is given in theMS scheme by

QZCF h,(I')
672 4

TMS=1+ log(1/\)>+ VS| (4.9

with V%"_S: —1/2(A),— 1/2(V),2(P),2(S),0(T) for the anti-
commuting definition ofys.

Siré |
(e *=W)?’
(4.15
Note that the chiral Ward-Takahashi identities, if exact, im-

ply the three equalitiess= zp= — z,, andz, =z, , which are
satisfied without fine tuning in the domain-wall QCD.

(e""—W)(e"~W) 1+W?*—2Wcosha
(e "=W)? (e =W)?

V. NUMERICAL RESULTS

To calculate momentum integrals that appeared in the pre-
vious two sections numerically, two independent methods

Combining the above results and including self-energyare employed, in order to check formulas and programs. In
corrections, the relation between the continuum operator ithe first method the momentum integration is performed by a

the MS scheme and the lattice operator is given by

OFS(u)=(1-w§)~'Z,'Zr(pa)(ala),  (4.10
where
Zr(pa)=1+ 2:;2“%;1“ —1) log(pa)?+zyp|,
(4.11
and
zp= 25— 7 (4.12
with

mode sum for a periodic box of a sité after transforming
the momentum variable through,=q,—sing,. We em-
ploy the sizeL =64 for integrals. In the second method the
momentum integration is carried out by the Monte Carlo
routine VEGAS, using 20 samples of 1000000 points each.
We found that both results agree very well.

We first present basic quantiti€s;,2;,Vs(=Vp),Vy
(=Va), andVy in Table | for several values dfl. HereZ,
is omitted sinceX,= —Vg holds exactly. The finite part of
quark renormalization factors, andz, are given in Table II.
Sincez,,= —zg we omit it here again. We also give mean-
field improved values wher& should be replaced b
=M+4(u—1). In Table Ill we give our main result of this
paper,zsp, zZy A andzy, for several values oM. In these
tables errors estimated from differences between the two
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TABLE I. Value of ¥, 35 andVr. TABLE II. Value of z, andz,,. Mean-field improved values are
also listed.
M 2 23 Vsp Vv.a \%;
0.050 13.25 51.22 3.30 4.833 5.344 M 2, 2, Z, MF Z,
0.100 13.16 51.05 3.82 4.835 5.173
0.150 13.08 50.89 4.24 4.836 5.035 0.050 —12.75 —998.23 —0.52 —44.70
0.200 13.01 50.74 4.60 4.837 4915 0.100 —12.66 —483.60 -0.43 —20.05
0.250 12.94 50.61 4.93 4.838 4.807 0.150 —12.58 —311.75 -0.35 —11.99
0.300 12.88 50.49 5.24 4.840 4,707 0.200 —-12.51 —225.53 —0.28 —8.057
0.350 12.83 50.37 5.53 4.84 4,613 0.250 —12.44 —173.52 -0.21 —5.759
0.400 12.77 50.27 5.80 4.84 4524 0.300 —12.38 —138.59 —0.15 —4.272
0.450 12.72 50.17 6.06 4.85 4.439 0.350 —-12.33 —-113.39 —0.09 —3.244
0.500 12.68 50.07 6.31 4.85 4,357 0.400 —12.27 —94.248 —0.04 —2.502
0.550 12.63 49.98 6.56 4.85 4277 0.450 —12.22 —79.114 0.01 —1.946
0.600 12.59 49.90 6.80 4.85 4,199 0.500 —12.18 —66.762 0.06 —-1.521
0.650 12.56 49.83 7.04 4.85 4,122 0.550 —12.13 —56.408 0.10 —1.188
0.700 12.52 49.76 7.28 4.85 4.045 0.600 —12.09 —47.526 0.14 —0.9253
0.750 12.49 49.69 7.52 4.86 3.970 0.650 —12.06 —39.748 0.18 —0.7147
0.800 12.46 49.63 7.75 4.86 3.894 0.700 —12.02 —32.807 0.21 —0.5446
0.850 12.44 49.58 7.99 4.86 3.819 0.750 —11.99 —26.503 0.24 —0.4062
0.900 12.41 49.53 8.23 4.86 3.743 0.800 —11.96 —20.681 0.27 —0.2929
0.950 12.39 49.49 8.47 4.87 3.666 0.850 —11.94 —15.217 0.30 —0.1995
1.000 12.38 49.46 8.71 4.87 3.588 0.900 —11.91 —10.007 0.32 —0.1218
1.050 12.36 49.43 8.96 4.87 3.509 0.950 —11.89 —4.9617 0.34 —0.05631
1.100 12.35 49.41 9.22 4.88 3.429 1.000 —11.88 0.0 0.36 0.0
1.150 12.34 49.39 9.48 4.88 3.346 1.050 —11.86 4.9553 0.37 0.04993
1.200 12.34 49.39 9.75 4.88 3.261 1.100 —11.85 9.9813 0.38 0.09620
1.250 12.34 49.39 10.02 4.89 3.173 1.150 —11.84 15.159 0.39 0.1416
1.300 12.35 49.40 10.31 4.89 3.082 1.200 —11.84 20.577 0.39 0.1893
1.350 12.36 49.42 10.62 4.89 2.987 1.250 —11.84 26.339 0.39 0.2428
1.400 12.37 49.45 10.93 4.90 2.888 1.300 —11.85 32.569 0.39 0.3066
1.450 12.39 49.49 11.27 4.90 2.783 1.350 —11.86 39.420 0.38 0.3863
1.500 12.42 49.54 11.62 491 2.673 1.400 —11.87 47.091 0.36 0.4894
1.550 12.45 49.61 12.00 4.92 2,555 1.450 —11.89 55.846 0.34 0.6264
1.600 12.49 49.69 12.40 4.92 2.428 1.500 —-11.92 66.053 0.32 0.8119
1.650 12.54 49.80 12.84 4.93 2.292 1550 —-11.95 78.235 0.28 1.068
1.700 12.60 49.92 13.31 4.94 2.142 1.600 —11.99 93.173 0.24 1.427
1.750 12.68 50.07 13.84 4.94 1.978 1.650 —12.04 112.09 0.19 1.945
1.800 12.77 50.25 14.42 4.95 1.793 1.700 —12.10 137.03 0.13 2.711
1.850 12.87 50.46 15.09 4.96 1.582 1.750 —12.18 171.66 0.05 3.895
1.900 13.00 50.72 15.88 4.97 1.334 1.800 —12.27 223.31 —0.03 5.840
1.950 13.15 51.03 16.84 4.98 1.027 1.850 —12.37 309.12 —-0.14 9.357
1.900 —12.50 480.47 —0.26 16.91
1.950 —12.65 994.48 -0.42 40.95

methods of the numerical integration are in thght) next to
the last digit of each value.
and clover fermion action witleg,,=1, given in Table IV.
No data for clover fermion action with mean-field improve-
ment is given here sincegyy itself is modified through the

In this paper we have calculated renormalization factorsnean-field improvement. Finite paris; are rather large
for quark bilinear operators in domain-wall QCD at 1-loop of without mean-field improvement in all three fermion formu-
the perturbation theory. We find thati=z,=—z,, andz, lations, but they become smaller after the mean-field im-
=2z, , which suggests that the chiral Ward-Takahashi idenprovement is performed for the domain-wall fermion and
tity holds exactly without fine tuning at this order of the Wilson fermion.
perturbation theory. Our numerical values fog with X A peculiar feature of the domain-wall QCD in its renor-
=2m,S,P,V,A, T are compared with those for the Wilson malization is an appearance of the overlap factor (1
fermion action with and without mean-field improvement —WS)ZW for the physical quark field. Although this factor

VI. CONCLUSION
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TABLE lll. Value of z-. Mean-field improved values are also listed.

MF
M Zgp= ~Zm Zy.A Z7 Zsp= " Zm Zy,A Z7
0.050 —14.05 —18.083 —18.09 —1.82 —5.8497 —5.86
0.100 —14.48 —17.996 —17.83 —2.25 —5.7627 —5.60
0.150 —14.82 —17.918 —17.62 —2.59 —5.6853 —5.38
0.200 —15.11 —17.848 —17.43 —2.88 —5.6149 —5.19
0.250 —15.38 —17.783 —17.25 —-3.15 —5.5503 —5.02
0.300 —15.62 —17.723 —17.09 -3.39 —5.4906 —4.86
0.350 —15.85 —17.668 —16.94 -3.62 —5.4352 —-4.71
0.400 —16.07 -17.617 —16.80 —3.84 —5.3838 —4.57
0.450 —16.28 —17.569 —16.66 —4.05 —5.3359 —4.43
0.500 —16.49 —17.524 —16.53 —4.26 —5.2913 —4.30
0.550 —16.70 —17.483 —16.41 —4.46 —5.2500 —4.18
0.600 —16.90 —17.444 —-16.29 —4.67 —-5.2117 —4.06
0.650 —17.10 —17.409 —16.18 —4.87 —5.1764 —3.95
0.700 —-17.30 —-17.377 —16.07 —-5.07 —5.1440 —-3.84
0.750 —-1751 —17.347 —15.96 —5.27 —5.1145 —-3.73
0.800 -17.71 —17.321 —15.86 —5.48 —5.0879 —3.62
0.850 —17.92 —17.297 —15.75 —5.69 —5.0643 —3.52
0.900 —18.14 —17.277 —15.66 —-5.91 —5.0437 —3.42
0.950 —18.36 —17.259 —15.56 —6.13 —5.0262 -3.33
1.000 —18.59 —17.245 —15.46 -6.35 —5.0119 -3.23
1.050 —18.82 —17.234 -15.37 —6.59 —5.0012 -3.14
1.100 —19.07 —17.226 —15.28 —6.84 —4.9935 —3.05
1.150 —19.32 —17.223 —15.19 —7.09 —4.9898 —2.96
1.200 —19.59 —17.223 —15.10 —-7.35 —4.9900 —2.87
1.250 —19.87 —17.227 —15.01 —7.63 —4.9944 —2.78
1.300 —20.16 —17.236 —14.93 —-7.93 —5.0034 —2.70
1.350 —20.47 —17.250 —14.84 —8.24 —5.0174 —2.61
1.400 —20.80 —17.270 —14.76 —-8.57 —5.0368 —2.53
1.450 —21.16 —17.295 —14.67 —8.92 —5.0621 —2.44
1.500 —21.54 —17.327 —14.59 —9.30 —5.0941 —2.36
1.550 —21.95 —17.366 —14.51 -9.71 —5.1335 —2.27
1.600 —22.39 —17.414 —14.42 —10.16 —5.181 —-2.19
1.650 —22.88 —17.471 —14.34 —10.65 —5.238 —-2.10
1.700 —23.42 —17.539 —14.25 —11.18 —5.307 —2.01
1.750 —24.01 —17.620 —14.16 —11.78 —5.388 —-1.92
1.800 —24.69 -17.716 —14.06 —12.46 —5.484 -1.83
1.850 —25.46 —17.831 —13.95 -13.23 —5.598 -1.72
1.900 —26.37 —17.968 —13.83 —14.14 -5.735 -1.60
1.950 —27.49 —18.135 —13.68 —15.26 —5.902 —1.45

may not appear in some observables sucB,asit generally
appears in renormalization factors of observables suéh as
The problem here is that the 1-loop correctpgp becomes

TABLE IV. Value of zx for Wilson and clover fermion actions.

very large unles$l—M| is small. For example, at1=1.7, Wilson Clover €sw=1) Wilson (MF)
which is the value used in the quenched simulation3at z, —12.852 —9.206 ~0.619
=6.0[4], from Table Il z,,=137.03 without mean-field im- Z 12.953 19.311 0.719
provement. This 1-loop correction is huge, so we cannot use —12.953 12.661 —0.72
the perturbative value df,, unless some improved estimate — 22506 9.602 ~10.363
is introduced. On the other hand, if mean-field improvement —20.618 16.657 —8.385
is made withu= PY* whereP is the expectation value of the ZV _15.797 18.193 _3564
plaquette and is 0.59374 &=6.0, we obtain a reasonably Z’: _17.018 20.824 _4.785

small value,z,,=0.1893 atM=1.2. This example suggests
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